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Some remarks concerning the quotient of samp
and sample range for a sample of size 2n+1
from a normal distribution

by L. DE HAAN * and J. TH. RUNNENBURG **

0. Introduction and summary

Consider an ordered sample xy, X(2), - - - X(2n+1) Of s1ze 2n+1 from the normal distri-
bution with parameters u and o. We then have with probability one

X1y < X2) < o0 < X2n+1)-

The random variable

X
h, = —=8r0D (1)
X(2n+1) — X(1)

that can be described as the quotient of the sample median and the sample range,
provides us with an estimate for u/o, that is easy to calculate. To calculate the dis-
tribution of h, is quite a different matter***. The distribution function of h, and the
density of h, are given in section 1. Our results seem hardly promising for general h,..
In section 2 1t is shown that h, is asymptotically normal.

In the sequel we suppose u = 0 and o = 1, i.e. we consider only the ,,central’

distribution. Note that h, can be used as a test statistic replacing Student’s z. In that
case the central h, is all that is needed.

This research was suggested by Prof. Dr. J. HEMELRIJK.

1. Exact distribution

1.1 EXxistence of moments

We define
A S
=N _/ 1 2n+1 B :
.-Xz_g)
2n+1 /= (
with
1 2n+1
* = on+1 ,-;1 =4
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**x A different attack from ours is given in [1].
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We first show that for each o« > O
Elt |* < 00 <==E|h,|" < c0. ‘ (2)

This is an immediate consequence of the inequalities

B —1 < |t,| <23/ 2n+1(h,] +1), (3)

which we shall now prove: From
Xk —X| < X(am+y—Xqy for k=12,...,2n+1 (4)

S

it follows that

| X| — |A'5(n+ 1)| < X@2n+1) " X(1)

and

|_3.§(n+ 1)|“l3| < X@2n+1) " X(1)s
hence

1 _ 1

Xeos 1 {1 - 7{'} < |Z| < X+ 1) {1 + --,;-}. (5)

Obviously
1 2n+1 ,
n+1 '21 (X;—X)" < X(2n+1)— %@1)- (6)

Fork =1,2,...,2n+1 we have

2n+1
| X —X| < Z (Ei""f)z,
i=1

hence
2n+1 \
_-’§(2n+1)"“"2§(1)<|.’£(2J+1)“Z|+|2§(1)“3| <2 z (x;—X)". (7)
i=1
Combining (6) and (7) we obtain
..2.:...% _
1 < — ______zlﬂ_.....,....." < 2\/ ntl | (8)
Xean+ 1) X(1) 1 ~— . vy X@en+ty T X1
\/2n+1 i;1 (X;— X)

Now (3) is an easy consequence of (5) and (8).
As 2n-t, has Student’s distribution with 2n degrees of freedom, we obtain

from (2)

E|h |*" = o

(9)

Ne— sm—

E\h|* < o0 for O0<a<2n.
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1.2 Distribution of h, and h,

We shall compute the distribution function of h; and the density of h,. As a first step
we write the integral representing the distribution function F (z) of h, in a conve-
nient form. The details are given for n = 1 only, for other values of n an analogous
result applies.

f§ 1 exp{—=3(x*+y*+2%)}dxdydz

xX<y<z

Fl(t) — y"ir(z-x) 5 > 5 —— —_—
[ [ exp{—3(x*+y*+2z°)}dxdydz

X<y<z
[ [ exp(—=%4r*)r*sin6drd¢dd | | sin@dpdo
0<rs s R0k
[ [ exp(—=4r®)r’sin@drd¢d® [ | sin@d¢pdo’
R; R,
O<r<ow

where we have applied the transformation

X =rcos¢ sinf
X = rsin¢ sin0

z =rcosb
and then integrated over r. The region R;(¢,0) is determined by
‘ sin @ sin @ < t(cos @ — cos ¢ sin 0)
and the region R, (¢,0) by

COsS ¢ < sin ¢
sin ¢ sin @ < cos 6

0 < ¢ < 2m

O< <

This last quotient for F,(¢) equals

f§[ r’sin0dpdodr  [[| dxdydz
RiAR, X<y<z
O<rx1 xzy_,fyrz(i;f% 1 (10)
[§§ rPsin0d¢dodr I |
R, |
O0<r<1

where ([2] part II p. 304)
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k/2 2
Ik = j j-..f dxlde...dxk — n* — (13 — i:“{t"‘, 15 = 8-71: .
2N S XK (k—l-z) 3_3!
+...txp? <1 K\ —

To determine F,(¢) for arbitrary » we have to compute the content of a part of the
unit hypersphere in R*"™ ! limited by 2n+ 1 hyperplanes. This can also be seen without
any calculation. Equivalently we can compute the area of a part of the surface of the
unit hypersphere in R*"*! limited by 2n+1 hyperplanes. We choose the latter for-
mulation for n = 1: we need only compute the surface of a spherical triangle. The
result is wellknown (see [7] p. 216). In this particular case we have

2 _

- *};{arccos(m%)-{-arccos( -1 -)+arccos ( t+__1:--—- )}

3 Va4 +2 J#Z 12
4.1
3.3!

1.€.
Fi(t) =2 — k) {arccos ~f-“.},,, + arccos — t+£:} (11)
2T V3242 Jarr+2

For n =2 we compute the content of the part of the unit hypersphere in R’
determined by the linear inequalities

{xi < xi+1 fOI’ i e 1, 2, 3, 4,

x3 < txs -—l‘xl.

To this end we use some results from VAN DER VAART [7]. We only quote those parts
of the definitions and two theorems in his paper that we need.

Consider a given set of r independent vectors by, b,,..., b, € R" with b,/b; =1
fori=1,2,...,r (a prime 1s used to denote the transpose of a vector or a matrix).
We consider the hyperspherical simplex

{x|xeR", bix >0, byx =20, ..., b,x 20, x'x < 1}. (12)
The content of this simplex depends only on the matrix
C = BB/,

where B is the matrix with b; as i-th row (i = 1, 2, ..., r) .The content of the simplex
(12) is denoted by f

V.(C;1,2,...,r),
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whereas for 1 < k < I < r

V,o2(Cs k15 1,2, k=1, k+1, .., 1 —1,1+1,...,r) =
= content {x|xe R, bix >0, ..., b;_;x >0, bjx = 0, b,, ,x > 0

,‘Iﬂ,

b_1x=20,bjx =0,b,,,x=0,..,bx>0,xx< 1}. (13)

The index r—2 is used to indicate that the simplex can be imbedded in an (r —2)-
dimensional space.

Theorem 1 (SCHLAFLI)

[+1,...,r),
where ¢, is the (k,/)-element of C (with 1 < k < I < r).

The set (13) van be imbedded in R"™?; a formula giving the matrix 'C of an (r—2)-

dimensional hyperspherical simplex with the same content as (13) 1s given in the
next theorem.

Theorem 2 (VAN DER VAART)

ikl

Vi—oCi k1, 1,2, k=1, k+1, .., 1-1,1+1,...,)=V._,(C;1,2,...,r—=2)

with forp,g =1,2,...,r—2

k,l,u
’ det _(ck',l,v

“pa = T k1 PN
\/det (cirw) det(cers

where the matrix ¢4 is the 3 x 3-submatrix of C where only the rows k, / and u and

the columns &,/ and v are maintained; here u is the p'™ element and v the g element
of the sequence 1, 2, ..., k—1, k+1, ..., I—1, I+1, ..., r.
According to (10) we have to compute

Vs(c; 1, 2, cvoq 5) —

i=1

| 5
content{(xl,xz, X)X <Xy << X)X, K tH(xXs—X,); z x;?‘ < 1} (14)

The matrix C is here
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1 1 0 0 —
Jar: +2

—1

—1 1 —1 0 —
Ja412 42
0 _ 1 | 1 1
Jat2 +2
0 0 3 1 L
Ja2 +2

; _.___..:}__......_. ............_..........1'......._..._ — i......... 1
Jar+2 Atz a2 a2 )

It is wellknown ([5] p. 171) that the content of a hyperspherical simplex in R" with
r > 3 cannot be expressed in terms of elementary functions of the elements of C. In
our case however it is possible to compute the derivative of V5 as a function of ¢ with

the aid of the two preceding theorems. We have

dvs(C(0); 1,...,5) _ i de;s(f) aVs(C(1);1,...,5)
dt = dt 0cC;s

4
!
— E dCzS() 1 _ V3(C .,l“l,l+1,,4) _—

=1 dt \/1—015(0

i 15(0 1 )

- -V,('CY5 1,2, 3).
TR T 1— (1)

The last quantity only involves a three-dimensional spherical simplex, the content of
which can be computed. This computation gives us for the density of h,

sz(t) 15 1
dt n? 2t% +1

[ 1 { ( —3(3t +1) ) ( —3(t* = 21) )
27— arccos arccos +
V31242 JE+t+1) B2 +1) Jer2+t+3) (22 +2)

~— arccos( (:i_t M+Ef_‘-|: 2.) _.._)} + —= 2t {2n arccos(r — %(2t2 T t) ) -+
G2 +1) (212 +2) V@2 +t+3) (B3P +3)

( —3(21* —1) ) ( — L4t +t+1) )}
— arccos — |—arccos| —————— ) ¢ T+
\/(2t +t+1) (3¢ 1) JGBE+H (B +1)
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1 2 _ _ z "
— .__"'2.?___ _:__:{2713 — ar CCOS( — %(2t _ _”____t) - ) — arccos( | _%{41“ _.{ :{;1 ‘)‘“‘“ ) -+
Va4t +1 \/(3t2+%)(2t2--t+-}) G2 +1) (312 +1)

— (2t +t — — 2t
--—arccos( 173 2( --------------—-----) ' “)}4'“: 1:—-—-—:{2n-~arccos( %_(-3{;%——_ — +2))+
VG212 —t+1)/) /3242 JCE+2)(GE+1)

--arccos< - r_, m-%(t2+2t) “')—'aI'CCOS< *—"méf}t_z Tt? —— )}] . (15)
JCIZ+2) 22—t +4) R+ D22 —t+1)

Some percentage points of the distribution of h, obtained by numerical integration
are

P{h, > 0.560} = 0.025
P{hz > 0.888} — 0.005.
Theoretically it is possible to do a similar computation for n = 3, but the result

seems hardly worth the effort.

This method of computation can also be applied to other quotients of linear

combinations of order statistics, e.g. the so-called extremal quotient — X(2n+ 1)-_3_-;("_.1}.

2. Asymptotic distribution

GNEDENKO [4] proved that if g, satisfies

| 1
(D(an) = ] '"'"*";,

where @ i1s the standard normal distribution function, then

O when t<1
lim P{az,+ 1X(2n+ 1y St} =
n— oo 1 when t>1.

The same relation holds for —x,. Hence

O when t<1
{iim P{znla;nl-{- 1(5(2n+ 1)""""2‘7(1)) < t} =
oo 1 when t>1.

CRAMER [3] proved that

Iim P{2\/2n+r*g_§("+1) <t} = P(t) forali t.

n-=r oo
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Asa, ~ \/2 log n for n — o0, these results imply

lim P{8/nlogn h, <t} = lim P{4x/2n+1-v/2log(2n+1)-h, < t} = (1)

n-—+ Qo n— o0

for all ¢#. But then h, is asymptotically normal with paramefers u, = 0 and o, =
= (8\/11 logn)~ 1.
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